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ON THE THETA OPERATOR FOR MODULAR FORMS
MODULO PRIME POWERS
IMIN CHEN, IAN KIMING
Abstract. We consider the classical theta operator θ on modular forms mod-
ulo pm and level N prime to p where p is a prime greater than 3. Our
main result is that θ mod pm will map forms of weight k to forms of weight
k + 2 + 2pm−1(p − 1) and that this weight is optimal in certain cases when
m is at least 2. Thus, the natural expectation that θ mod pm should map to
weight k + 2 + pm−1(p− 1) is shown to be false.
The primary motivation for this study is that application of the θ operator
on eigenforms mod pm corresponds to twisting the attached Galois representa-
tions with the cyclotomic character. Our construction of the θ-operator mod
pm gives an explicit weight bound on the twist of a modular mod pm Galois
representation by the cyclotomic character.
1. Introduction
Let p be a prime number. We shall assume p ≥ 5 throughout the paper in order
to avoid certain technicalities when p is 2 or 3. Also, we fix a natural number N
that will be assumed throughout to be not divisible by p.
Let Zp be the ring of p-adic integers, Qp the field of p-adic numbers, and Cp
the completion of an algebraic closure of Qp. Let Q be an algebraic closure of Q.
We fix embeddings of Q into C and Cp and use this to freely make comparisons of
elements between these fields.
Further let m ∈ N and denote by Mk(N,Zp) the Zp-module of modular forms of
weight k on Γ1(N) over Zp and letMk(N,Z/p
mZ) be the Z/pmZ-module of modular
forms on Γ1(N) over Z/p
mZ as defined classically by Mk(N,R) = Mk(N,Z) ⊗ R.
Note that this definition relies on the existence of an integral structure onMk(N,C)
(see for instance [2]). Thus, as we are working with this classical interpretation of
‘modular forms with coefficients in R’, we are able to switch effortlessly between
forms with coefficients in Z or Zp, and those with coefficients in Z/p
mZ: for forms
with coefficients in Z or Zp reduction modulo p
m gives a form with coefficients in
Z/pmZ, and any such can be lifted to a form with coefficients in Z (and hence also
to one with coefficients in Zp). We also denote by Sk(N,R) the module of cusp
forms of weight k on Γ1(N) and coefficients in R, again in the classical sense.
Let k1, . . . , kt be a collection of weights and let fi ∈Mki(N,Zp). By ‘q-expansion’
we shall always mean ‘q-expansion at∞’. The q-expansion of an element in a direct
sum of the Mki(N,Zp)’s or Mki(N,Z/p
mZ)’s is defined by extending linearly on
each component. When we write f1+. . .+ft ≡ 0 (mod pm), we shall mean that the
q-expansion f1(q) + . . .+ ft(q) lies in p
mZp[[q]]. Similarly for fi ∈Mki(N,Z/pmZ),
we write f1 + . . .+ ft ≡ 0 (mod pm) if the q-expansion of f1 + . . .+ ft equals 0 in
(Z/pmZ)[[q]]. In such a case, we say that f1+ . . .+ ft is congruent to 0 modulo p
m.
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Let us recall the definition and basic properties of the standard Eisenstein series
on SL2(Z), cf. §1 of [18], for instance: the series
Gk := −Bk
2k
+
∞∑
n=1
σk−1(n)q
n
with Bk the k-th Bernoulli number and σt(n) :=
∑
d|n d
t the usual divisor sum, is
(with q := e2πiz) for k an even integer ≥ 4 a modular form on SL2(Z). Defining Ek
as the normalization
Ek := − 2k
Bk
·Gk
one has Ek ≡ 1 (mod pt) when (and only when) k ≡ 0 (mod pt−1(p− 1)).
There are natural inclusions (preserving q-expansions)
Mk(N,Z/p
mZ) →֒Mk+pm−1(p−1)(N,Z/pmZ),
induced by multiplication by Ep
m−1
p−1 , using the fact that E
pm−1
p−1 ≡ 1 (mod pm).
Note that Epm−1(p−1) = E
pm−1
p−1 inMk(N,Z/p
mZ) (as both forms have q-expansions
which are congruent modulo pm) so that the map can also be seen as induced by
multiplication by Epm−1(p−1).
As is well-known, when we specialize the above series for Gk to k = 2 and define
G2 := −B2
4
+
∞∑
n=1
σ1(n)q
n = − 1
24
+
∞∑
n=1
σ1(n)q
n
then G2 does not represent a modular form in the usual sense, but does so in the p-
adic sense, cf. [18], §2. One defines E2 as the normalization ofG2, i.e., E2 := −24G2.
Thus, E2 is also a p-adic modular form.
Consider the classical theta operator θf = k12E2+
1
12∂f of Ramanujan. Its effect
on q-expansions is
∑
n anq
n 7→∑n nanqn. Since E2 is a p-adic modular form it is
for any m ∈ N congruent modulo pm to a classical modular form of some weight.
Thus we have E2 ≡ Ep+1 (mod p), for example, and since we classically know that
∂ maps modular forms of weight k to modular forms of weight k + 2, one obtains
the classical operator θ that maps Mk(N,Fp) to Mk+p+1(N,Fp). Studying this
operator as well as its interaction with the ‘weight filtration’ (see below) is a key
tool in the theory of modular forms modulo p; cf. for instance Jochnowitz’ proof
of finiteness of systems of Hecke eigenvalues mod p across all weights in [11], or
Edixhoven’s results on the optimal weight in Serre’s conjectures [7].
We have launched a framework for the study of modular forms mod pm in [1]
and [2]. Notice that Serre shows in [18, The´ore`me 5] that there exists a θ operator
on p-adic modular forms (of level 1, however the arguments generalize to levels N
not divisible by p) whose effect on q-expansions is
∑
n anq
n 7→∑n nanqn and that
sends a form of (p-adic) weight k to a form of weight k+2. This result immediately
implies the existence of a θ operator modulo pm for modular forms on Γ1(N).
We have discussed in [2] how to attach Galois representations to eigenforms
mod pm, and it is clear from the properties of those attached representations that
applying the θ operator corresponds on the Galois side to twisting by the cyclotomic
character mod pm. From this perspective, it seems natural to ask about the finer
properties of the action of the θ operator modulo pm, such as how the action of θ
modulo pm changes weight filtrations.
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Our results show that the interplay of the θ operator with the weights of the
forms becomes much more complicated when m > 1 and that, in fact, there are
certain genuine qualitative differences between the casem = 1 and the general cases
m > 1. Let us explain in detail.
We first show that the θ operator on modular forms mod pm maps
Mk(N,Z/p
mZ)→Mk+k(m)(N,Z/pmZ)
where k(m) := 2 + 2pm−1(p − 1). The fact that the effect of θ on q-expansions is∑
n anq
n 7→ ∑n nanqn, and that θ satisfies simple commutation rules with Hecke
operators Tℓ for primes ℓ 6= p, cf. the first two parts of Theorem 1 below, follow
already from Serre’s theory of the p-adic θ operator, but we will give self-contained
proofs working purely in the mod pm setting, and for modular forms on Γ1(N).
The proof of the above properties use a number of results from [18] plus the
observation that f | V ≡ fp (mod p) where V is the classical V operator.
Define the weight wpm(f) of a modular form f mod p
m with f 6≡ 0 (mod p)
to be the smallest k ∈ Z such that f is congruent modulo pm to an element of
Mk(N,Z/p
mZ). A classical fact, crucial for instance in the work [11], is that when
m = 1 we have wp(θf) ≤ wp(f) + p+ 1 with equality if (and only if) p ∤ wp(f).
One might expect the generalization of this to be that wpm(θf) ≤ wpm(f) + 2+
pm−1(p − 1) (perhaps with equality in some cases). However, as the third part of
Theorem 1 shows, this is false:
Theorem 1. Let p ≥ 5 be a prime. Put
k(m) := 2 + 2pm−1(p− 1).
(i) The classical theta operator θ induces an operator
θ :Mk(N,Z/p
mZ)→Mk+k(m)(N,Z/pmZ)
whose effect on q-expansions is
∑
anq
n 7→∑nanqn. The operator preserves cusp
forms.
(ii) If ℓ 6= p is a prime and Tℓ denotes the ℓ-th Hecke operator, then
Tℓθ = ℓ · θTℓ
as linear maps Mk(N,Z/p
mZ)→Mk+k(m)(N,Z/pmZ). Furthermore, if ℓ = p and
k ≥ m, we still have the identity above.
(iii) Let m ≥ 2 and f ∈Mk(N,Z/pmZ) with f 6≡ 0 (mod p). Suppose further that
p ∤ k and wp(f) = k. Then
wpm(θf) = k + 2 + 2p
m−1(p− 1).
The proof of the third part of the Theorem uses a result of Katz: if we consider
the Eisenstein series Ep−1 and Ep+1 as modular forms modulo p in the sense of Katz
then Ep−1 (Hasse invariant) has no zero in common with Ep+1; cf. [13, Remark on
p. 57], or [14, Theorem 3.1]. This point allows one to compute the weight filtration
of the last term of the expression below for the θ operator mod pm, which is the
controlling term. We note that, in the case N = 1 and m = 2, it is possible to give
more complete results on the effect of θ mod pm on weight filtrations.
We would like to remark that the first two parts of Theorem 1 hold with the same
proofs even if one allows the level N to be divisible by p. However, we have chosen
to assume p ∤ N throughout for the following reasons: first, we use this in the third
and most important part of Theorem 1. Secondly, if one allows p | N many of the
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questions we discuss can become easier; for instance, if pm | N , then θ mod pm
raises the weight by at most 2 simply because E2 is then congruent modulo p
m to
a modular form of weight 2 on Γ0(p
m) (namely, E2(z) − pmE2(pmz)). Thirdly, in
another sense matters can become more complicated if we allow p to divide N . For
instance, there may then exist a form modulo pm that is 0 in our sense, i.e., with
p-integral q-expansion around ∞ that is term-wise congruent to 0 modulo pm, but
at the same time such that it has a p-integral expansion not identically 0 modulo
pm around some other cusp. For a concrete example of this phenomenon, consider
the classical Eisenstein series
F (z) =
∞∑
n=1

∑
d|n
χ(n/d)d2

 e2πinz
where χ is the Dirichlet character corresponding to Q(
√−1)/Q. Then F is a weight
3 form on Γ0(4) with nebentypus χ. If now p is an odd prime and we define the
form f by f(z) := p3F (pz) then f is a form of weight 3 on Γ1(4p) and one can verify
that f has p-integral Fourier expansion around every cusp and that the expansion
around the cusp 1 begins with a p-adic unit. But of course, the expansion around
∞ is term-wise identically 0 modulo p3. (Details of the verification can be found
in [15], proof of Theorem 1.)
For simplicity, we have stated results in this paper for modular forms with coef-
ficients in Zp and hence reductions with coefficients in Z/p
mZ. The above theorem
however is valid for coefficients in Z/pmZ (see [20, §2.2] or [2, Section 1] for a
definition of this ring) using essentially the same proofs.
An immediate consequence of Theorem 1 to Galois representations is the follow-
ing. We use the notation and terminology from [2].
Corollary 1. Let p ≥ 5 be a prime, ρ : GQ → GL2(Z/pmZ) be a residually
absolutely irreducible Galois representation, and χ : GQ → (Z/pmZ)× be the re-
duction modulo pm of the p-adic cyclotomic character. Suppose ρ ∼= ρf for some
weak eigenform f ∈ Sk(N)(Z/pmZ). Then ρ ⊗ χ ∼= ρg for some weak eigenform
g ∈ Sk+k(m)(N)(Z/pmZ).
Proof. By (i) of Theorem 1, the θ operator maps cusp forms to cusp forms. Suppose
then that f ∈ Sk(N)(Z/pmZ) is a weak eigenform in the sense that Tℓf ≡ f(Tℓ)f
(mod pm) for all ℓ ∤ D for some integer D. Then g = θf ∈ Sk+k(m)(N)(Z/pmZ) is
a weak eigenform in the sense that Tℓg ≡ g(Tℓ)g (mod pm), for all ℓ ∤ Dp, where
g(Tℓ) ≡ f(Tℓ)χ(ℓ) (mod pm). The hypothesis of residual absolute irreducibility
then allows us to conclude that ρf ⊗ χ ∼= ρθf . 
Regarding Corollary 1, the main result of the paper [3] implies an analogous
statement about twisting with the mod pm reduction of the Teichmu¨ller character,
with some differences: In [3], they consider the twist of f by the mod pm reduction
of the Teichmu¨ller character where f is a strong eigenform (again using the termi-
nology of [2]). One then finds a strong (and not merely weak) eigenform g as in
the Corollary, but apparently without control over the weight k+ k(m). The proof
uses different methods (Coleman p-adic families of modular forms.)
2. The theta operator modulo prime powers
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2.1. Eisenstein series. We shall now develop an explicit expression for the trun-
cation modulo pm of the p-adic Eisenstein series G2.
Recall that if f =
∑
n anq
n is nonzero modular form on some Γ1(N) with coeffi-
cients in Qp then as usual one defines vp(f) := min{vp(an) | n ∈ N} where vp(an)
is the usual (normalized) p-adic valuation of an.
Proposition 1. Let m ∈ N. Define the positive even integers k0, . . . , km−1 as
follows: If m ≥ 2, define:
kj := 2 + p
m−j−1(pj+1 − 1) for j = 0, . . . ,m− 2
and
km−1 := p
m−1(p+ 1)
and define just k0 := p+ 1 if m = 1.
Then k0 < . . . < km−1 and there are modular forms f0, . . . , fm−1, depending
only on p and m, of level 1 and of weights k0, . . . , km−1, respectively, that have
rational q-expansions, satisfy vp(fj) = 0 for all j, and are such that
G2 ≡
m−1∑
j=0
pjfj (mod p
m)
as a congruence between q-expansions.
The form fm−1 can be chosen to be fm−1 = G
pm−1
p+1 .
When m = 2 we can, and will, be a bit more explicit:
Proposition 2. We have:
G2 ≡ f0 + p · f1 (mod p2)
with modular forms f0 and f1 of weights 2 + p(p − 1) and p(p + 1), respectively,
explicitly:
G2 ≡ G2+p(p−1) + p ·Gpp+1 (mod p2).
It is amusing to note the following consequence of the Proposition: For p 6= 2, 3,
we have the following congruence of Bernoulli numbers,
B2
2
≡ Bp(p−1)+2
p(p− 1) + 2 + p
Bp+1
p+ 1
(mod p2).
However, this can also be seen in terms of p-adic continuity of Bernoulli numbers
(cf. [21], Cor. 5.14 on p. 61, for instance).
Before the proofs of these propositions we need a couple of preparations.
Let k be an even integer ≥ 2. Recall from [18] that if we choose a sequence
of even integers ki such that ki → ∞ in the usual, real metric, but ki → k in
the p-adic metric, then the sequence Gki has a p-adic limit denoted by G
∗
k. This
series G∗k is a p-adic modular form of weight k with p-adically integral coefficients
if (p − 1) ∤ k (this condition ensures that the constant term is a p-adic integer). It
does not depend on the choice of the sequence ki.
Lemma 1. Let k be an even integer ≥ 2 and assume (p− 1) ∤ k. Let t ∈ N.
Then G∗k ≡ Gk+pt−1(p−1) (mod pt).
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Proof. Put ki := k + p
i−1(p − 1) for i ∈ N. We claim that Gku ≡ Gkv (mod pt)
when u, v ≥ t. Since the series Gki with ki := k + pi−1(p− 1) converges p-adically
to G∗k, the claim clearly implies the Lemma.
If u = v the claim is trivial, so suppose not, say u < v. Then kv − ku =
pv−1(p− 1)− pu−1(p− 1) is a multiple of pt−1(p− 1), say kv − ku = s · pt−1(p− 1).
We also have kv − ku ≥ 4. Hence, we find that G := Gku · Espt−1(p−1) is a modular
form of weight kv, and we have Gku ≡ G (mod pt).
Now notice that, when i ≥ t, we have:
σki−1(n) =
∑
d|n
dk−1+p
i−1(p−1) ≡
∑
d|n
p∤d
dk−1 (mod pt)
as dp
i−1(p−1) ≡ 1 (mod pt) when p ∤ d and i ≥ t, and as dpi−1(p−1) ≡ 0 (mod pt)
when p | d and i ≥ t because pt−1(p− 1) ≥ t for t ∈ N.
We conclude that the nonconstant terms of the series Gku and Gkv are termwise
congruent modulo pt. The same is then true of the forms G and Gkv that are both
forms of weight kv. Hence, the nonconstant terms of the form (G−Gkv )/pt are all
p-integral. As kv ≡ k 6≡ 0 (mod (p − 1)), it follows from The´ore`me 8 of [17] that
the constant term of this form is in fact also p-integral. Hence,
Gku ≡ G ≡ Gkv (mod pt)
as desired. 
Recall that the V operator is defined on formal q-expansions as(∑
anq
n
)
| V :=
∑
anq
np.
Corollary 2. We have
G2 ≡
m−1∑
j=0
pj · (G2+pm−j−1(p−1) | V j) (mod pm)
as a congruence between formal q-expansions.
Proof. Recall from [18], §2, the identity, valid for any even integer k ≥ 2, that
Gk = G
∗
k + p
k−1 (G∗k | V ) + . . .+ pt(k−1)
(
G∗k | V t
)
+ . . . .
The identity can first be seen as an identity of formal q-expansions, but when we
specialize to k = 2 it shows that G2 is a p-adic modular form as V acts on p-adic
modular forms, cf. [18], §2.
Thus, we consider the identity for k = 2, reduce modulo pm, and note that the
previous Lemma applies since (p− 1) ∤ 2. The claim then follows immediately. 
In the next paragraph and lemma, we use the notation Mk(Γ, F ) to mean the
F -module of modular forms of weight k over F , where Γ is a congruence subgroup
of SL2(Z) and F is a subring of C or Cp.
We can also see the V operator as an operator on modular forms: Suppose that
f ∈ Mk(SL2(Z),C). Then (f | V )(z) = f(pz), and as is well-known f | V ∈
Mk(Γ0(p);C). The proof of the next lemma is a simple application of section 3.2
of [18].
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Lemma 2. Let f ∈Mk(SL2(Z),Q) and suppose vp(f) = 0. Let t ∈ N and suppose
that s ∈ Z≥0 is such that
inf(s+ 1, ps + 1− k) ≥ t.
Then there is h ∈Mk+ps(p−1)(SL2(Z),Q) with vp(h) = 0, and such that
f | V ≡ h (mod pt).
Proof. As we noted above, f | V is a modular form of weight k on Γ0(p). Since
f | V =∑ anqnp if f =∑ anqn we have vp(f | V ) = 0. Recall the Fricke involution
for modular forms on Γ0(p) given by the action of the matrix
W =
(
0 −1
p 0
)
.
Since
f | V = p−k/2f |k
(
p 0
0 1
)
,
(recall that the weight k action is normalized so that diagonal matrices act trivially),
since (
p 0
0 1
) (
0 −1
p 0
)
=
(
0 −1
1 0
) ( p 0
0 p
)
,
and since f is on SL2(Z) we see that f | VW = p−k/2f so that vp(f | VW ) = −k/2.
Now let E := Ep−1 and put
g := E − pp−1(E | V )
so that g is a modular form of weight p− 1 on Γ0(p). Then, if we put
fs := tr((f | V ) · gp
s
)
for s ∈ Z≥0 where tr denotes the trace from Γ0(p) to SL2(Z), it follows from section
3.2 of [18] that fs is a modular form on SL2(Z) of weight k+ p
s(p− 1) and rational
q-expansion. Furthermore, Lemme 9 of [18] implies that
vp(fs − (f | V )) ≥ inf(s+ 1, ps + 1 + vp(f | VW )− k/2)
= inf(s+ 1, ps + 1− k) ≥ t.
Hence, we can choose h := fs. As f | V ≡ h (mod pt) and vp(f | V ) = 0, we
must have vp(h) = 0. 
Proof of Proposition 1: That the defined weights k0, . . . , km−1 satisfy k0 < . . . <
km−1 is verified immediately.
Thus, starting with Corollary 2 we see that it suffices to show that for each
j ∈ {0, . . . ,m−1} there is a modular form fj of weight kj with rational q-expansion
and vp(fj) = 0, and such that
G2+pm−j−1(p−1) | V j ≡ fj (mod pm−j).
If m = 1, j = 0 we just take f0 := Gp+1, so assume m ≥ 2. Then, if j = m− 1,
note that
Gp+1 | Vm−1 ≡ Gp
m−1
p+1 (mod p)
so that we can take fm−1 := G
pm−1
p+1 that is of weight km−1 = p
m−1(p+ 1).
So, suppose that j ≤ m− 2. We claim that for r = 0, . . . , j there is a modular
form gr of weight 2 + p
m−j−1(pr+1 − 1), rational q-expansion with vp(gr) = 0, and
such that
G2+pm−j−1(p−1) | V r ≡ gr (mod pm−j)
which is the desired result when r = j.
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We prove the last claim by induction on r noting that the case r = 0 is trivial.
So, suppose that r < j and that we have already shown the existence of a modular
form gr as above. Notice that
pm−j+r + 1− (2 + pm−j−1(pr+1 − 1)) = pm−j−1 − 1 ≥ m− j
holds because m − j ≥ 2 (we used here that p > 2). Thus we see that Lemma 2
applies (taking s = m− j+ r) and shows the existence of a modular form gr+1 with
rational q-expansion and vp(gr+1) = 0, such that
gr | V ≡ gr+1 (mod pm−j),
and such that gr+1 has weight
2 + pm−j−1(pr+1 − 1) + pm−j+r(p− 1) = 2 + pm−j−1(pr+2 − 1),
and we are done. 
Remark 1. It is interesting to note that in the induction, the inequalities do not
allow us to deal with the case j = m−1, but then we use the congruence f | V ≡ fp
(mod p) to take care of the last term.
Proof of Proposition 2: Again by Corollary 2 we have:
G2 ≡ G2+p(p−1) + p · (Gp+1 | V ) (mod p2).
Noting again that Gp+1 | V ≡ Gpp+1 (mod p) so that
p · (Gp+1 | V ) ≡ p ·Gpp+1 (mod p2),
we are done. 
2.2. Definition and properties of the θ operator. Recall the classical θ ope-
rator acting on formal q-expansions as q ddq , i.e.,
θ
(∑
anq
n
)
:=
∑
nanq
n,
and the operator ∂ defined by
1
12
∂f := θf − k
12
E2 · f = θf + 2kG2 · f
when f =
∑
anq
n ∈ Mk(N,C) is a modular form of weight k (we have B2 = 16
so that E2 = −24G2). Then ∂f is in Mk+2(N,C), and ∂ defines a derivation on
M(N,C) := ⊕kMk(N,C) as follows by writing θ = 12πi · ddz (as q = e2πiz) and
combining with the classical transformation properties of E2 under the weight 2
action of SL2(Z) given below in (4). Also, these facts can be used to deduce that ∂
preserves cusp forms.
The definition of ∂ implies that ∂ defines a derivation on ⊕kMk(N,Z) and hence
also on M(N,Zp) := ⊕kMk(N,Zp).
Proof of Theorem 1. (i) Retain the notation of Proposition 1 so that
kj := 2 + p
m−j−1(pj+1 − 1) for j = 0, . . . ,m− 2,
and
km−1 := p
m−1(p+ 1).
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Then k0 < . . . < km−1 and by Proposition 1 we have modular forms f0, . . . , fm−1
(of level 1 and) of weights k0, . . . , km−1, respectively, that have rational q-expan-
sions, satisfy vp(fj) = 0 for all j, and are such that
G2 ≡
m−1∑
j=0
pjfj (mod p
m).
With k(m) := 2 + 2pm−1(p − 1) one checks that each number k(m) − kj is a
multiple of pm−j−1(p− 1), say k(m) = kj + tj · pm−j−1(p− 1) for j = 0, . . . ,m− 1.
Since Ep
m−j−1
p−1 ≡ 1 (mod pm−j) we find that pjEp
m−j−1tj
p−1 ≡ pj (mod pm), and
so the above congruence for G2 can also be written as
G2 ≡
m−1∑
j=0
pjE
pm−j−1tj
p−1 fj (mod p
m)
where now each summand is a form of weight k(m).
Hence, for an element f ∈Mk(N,Zp) we find that
θf =
1
12
∂f − 2kG2 · f(1)
≡ 1
12
E2p
m−1
p−1 ∂f − 2kf
m−1∑
j=0
pjE
pm−j−1tj
p−1 fj (mod p
m)(2)
=: θpmf ∈Mk+k(m)(Zp)(3)
where now each summand on the right hand side is an element of Mk+k(m)(N,Zp).
Thus the classical theta operator induces a linear map
θ = θpm :Mk(N,Z/p
mZ)→Mk+k(m)(N,Z/pmZ)
the effect of which on q-expansions is
∑
anq
n 7→ ∑nanqn. We still denote this
operator (by abuse of notation) by θ, but later when we need to distinguish it from
θ := 12πi · ddz , we will denote it by θpm . Since, as noted above, the operator ∂
preserves cusp forms we see from the definition that θpm does too.
(ii) First assume for the prime ℓ that we have ℓ ∤ N . Recall that the diamond
operator 〈ℓ〉k on a modular form f of weight k is defined by 〈ℓ〉k f = f |k γ for any
γ =
(
a b
c d
)
∈ SL2(Z), with c ≡ 0 (mod N), d ≡ ℓ (mod N). (Note that we write
the action of 〈·〉k from the left, though it is given by the stroke operator which is
from the right. This is fine because (Z/NZ)× is abelian). Now, if ℓ 6= p then the
operator 〈ℓ〉k induces a linear action on Mk(N,Zp) (as follows from the well-known
formula ℓk−1 〈ℓ〉k = T 2ℓ − Tℓ2 and the fact that the Hecke operators Tn preserve
Mk(N,Z)), and hence also on Mk(N,Z/p
mZ). This is still true when ℓ = p: for,
since p ∤ N and since the definition of 〈ℓ〉k only depends on the congruence class of
ℓ mod N , we can choose a prime ℓ1 not dividing Np such that 〈ℓ1〉k = 〈p〉k, and
the claim follows from what has already been said.
Using 112∂f = θf − k12E2f as well as the transformation property of E2 given by
(4) (E2 |2 γ)(z) = E2(z) + 12
2πi
c(cz + d)−1
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for γ =
(
a b
c d
)
∈ SL2(Z) (see for instance [6]), a computation shows that we have
1
12∂ 〈ℓ〉k f = 〈ℓ〉k+2 112∂f for f ∈Mk(N,C).
Now recall the above definition of θpm :Mk(N,Z/p
mZ)→Mk+k(m)(N,Z/pmZ),
as well as the fact that the forms Ep−1 and the fj occurring in the definition all
have level 1 and thus are fixed under the action of the operators 〈ℓ〉p−1 and 〈ℓ〉kj ,
respectively. We deduce that:
θpm 〈ℓ〉k f = 〈ℓ〉k+k(m) θpmf
for all f ∈Mk(N,Z/pmZ).
Let now f =
∑
anq
n ∈ Mk(N,Z/pmZ). Then we have (with the usual conven-
tion that an
ℓ
:= 0 if ℓ ∤ n):
〈ℓ〉k f =
∑
bnq
n
Tℓf =
∑(
aℓn + ℓ
k−1bn
ℓ
)
qn
〈ℓ〉k+k(m) θpmf = θpm 〈ℓ〉k f =
∑
nbnq
n
Tℓθpmf =
∑(
ℓnaℓn + ℓ
k+k(m)−1n
ℓ
bn
ℓ
)
qn
=
∑
ℓn
(
aℓn + ℓ
(k−1)+k(m)−2bn
ℓ
)
qn
ℓθpmTℓf =
∑
ℓn
(
aℓn + ℓ
k−1bn
ℓ
)
qn.
For ℓ | N a similar calculation holds (the second term involving bn
ℓ
is omitted
throughout).
Thus, if ℓ 6= p we have that
Tℓθpmf = ℓθpmTℓf
for all f ∈Mk(N,Z/pmZ) using the fact that k(m)− 2 = 2pm−1(p− 1) is divisible
by pm−1(p− 1) so that
ℓk(m)−2 ≡ 1 (mod pm).
Finally, if ℓ = p and k ≥ m, we still have the desired identity as the discrepancy
between the right hand side and left hand side is divisible by ℓn · ℓk−1 and hence is
congruent to 0 modulo pm.
(iii) Now suppose that m ≥ 2, that f ∈ Mk(N,Z/pmZ) with f 6≡ 0 (mod p),
and suppose further that p ∤ k and wp(f) = k. These hypotheses imply that
wp(θf) = k + p+ 1 whence in particular that θf 6≡ 0 (mod p) (cf. [17] and [19] for
level one, [13] for higher levels).
Assume that we had wpm(θf) < k+2+2p
m−1(p−1) = k+k(m), i.e., that there
exists a form g ∈Mk′(N,Z/pmZ) with g = θf as forms with coefficients in Z/pmZ,
and where k′ < k + k(m). As θf 6≡ 0 (mod p) we can then deduce that
k′ ≡ k + k(m) (mod pm−1(p− 1))
by classical results due to Serre and Katz, cf. specifically Corollary 4.4.2 of [12].
We use the fact that modular forms in Mk(N,Z/p
mZ) can be lifted to classical
modular forms over Zp (and can in fact be lifted to Z) and that N is prime to p.
For a generalization that applies in situations where the forms have more general
coefficients, see [16, Theorem B]. This generalization is needed for the proof of
Corollary 1 since that corollary applies to forms with coefficients in Z/pmZ.
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Hence, let us write k + k(m) = k′ + t · pm−1(p− 1) with t ≥ 1. Putting
h := E
pm−1(t−1)
p−1 g
we find that
θf = Ep
m−1
p−1 h
as an equality of forms in Mk+k(m)(N,Z/p
mZ). If we combine this with (2) and
(3) above, we obtain:
2kpm−1E
tm−1
p−1 fm−1f = −Ep
m−1
p−1 h+
1
12
E2p
m−1
p−1 ∂f − 2kf
m−2∑
j=0
pjE
pm−j−1tj
p−1 fj .
If we now use the fact that p ∤ k, that p is odd, and that, as is easily checked,
we have
tm−1 = (k(m) − km−1)/(p− 1) = (pm − 3pm−1 + 2)/(p− 1) < pm−1,
as well as tm−1 < p
m−j−1tj for j = 0, . . . ,m− 2, we deduce that
pm−1E
tm−1
p−1 fm−1f = E
tm−1+1
p−1 h
′
for some h′ ∈Mk+k(m)−(p−1)(tm−1+1)(N,Z/pmZ). Hence we must have
h′ ∈ pm−1Mk+k(m)−(p−1)(tm−1+1)(N,Z/pmZ),
say h′ = pm−1h′′, so that
E
tm−1
p−1 fm−1f ≡ Etm−1+1p−1 h′′ (mod p),
and hence
fm−1f ≡ Ep−1h′′ (mod p).
It follows that
wp(fm−1f) < k + k(m)− tm−1(p− 1) = k + km−1 = k + pm−1(p+ 1).
Now recall (from Proposition 1) that fm−1 = G
pm−1
p+1 . As Gp+1 = − Bp+12(p+1)Ep+1
with
Bp+1
2(p+1) invertible modulo p, we deduce
wp(E
pm−1
p+1 f) < k + p
m−1(p+ 1).
However, as wp(f) = k by assumption (and as p ∤ k so that, in particular, k 6= p),
this conclusion contradicts Lemma 3 below. 
Lemma 3. Suppose that p 6= κ ∈ N and that 0 6= φ ∈Mκ(N,Z/pZ) with wp(φ) = κ.
Then, for a ∈ N we have:
wp(E
a
p+1φ) = wp(φ) + a(p+ 1).
Proof. By induction on a it is clearly enough to prove the case a = 1. Hence, let
us assume a = 1.
Assume for a contradiction that we had wp(Ep+1φ) < κ+ p+ 1. Then
Ep+1φ = Ep−1ψ
for some ψ ∈ M2+κ(N,Z/pZ): put k := wp(Ep+1φ), and let g ∈ Sk(N,Z/pZ) be
such that g and Ep+1φ have identical q-expansions. Then by the classical result of
Serre and Katz (Corollary 4.4.2 of [12]) that we already used above, it follows that
k ≡ κ+ p+ 1 (mod p− 1). Writing κ+ p+ 1 = k + t · (p − 1) with t ∈ N we also
have Ep+1φ = g ·Etp−1. Putting ψ = g · Et−1p−1 we have the claim.
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Now suppose first that N ≥ 5. LetMk(N,R) denote the space of modular forms
of weight k on Γ1(N) over R as defined in [5] using Katz’s definition. One has an
injection
Mk(N,R)→Mk(N,R)
sending classical modular forms over R to Katz modular forms over R.
Under the hypothesis N ≥ 5, we have from [5, Theorem 12.3.7]) that:
(K) Mk(N,Z/pZ) ∼=Mk(N,Z/pZ) if k 6= 1 and N is prime to p.
We note that k = 0 is allowed in (K), and we will need that below.
Regard the above identity as an identity of Katz modular forms on Γ1(N) over
Z/pZ and let us use some results from [13]: By the remark after Lemma 1 of [13],
the forms Ep−1 and Ep+1 are without a common zero (the results in [13] are for
modular forms on Γ(N) which implies the result for Γ1(N). This result is also
proved in [14, Theorem 3.1] directly for Ep−1 and Ep+1 as forms on SL2(Z).)
Hence the equality Ep+1φ = Ep−1ψ means that φ vanishes at every zero of Ep−1
to at least the order that Ep−1 vanishes to at that zero. (In fact, by a theorem of
Igusa [10], Ep−1 vanishes to order 1 at every supersingular point of X1(N), see [9,
second paragraph following (4.6)], but this additional information is irrelevant for
our deduction).
Thus, we must have κ ≥ p−1 and φ = Ep−1η for some η ∈Mκ−(p−1)(N,Z/pZ).
By hypothesis we have κ − (p − 1) 6= 1 and so by (K) above we have that η is
classical in the sense that η ∈ Mκ−(p−1)(N,Z/pZ). But then wp(φ) ≤ κ− (p− 1),
contrary to hypothesis.
Suppose then that N ≤ 4. We can reduce to the previous case as follows.
Choose an auxiliary prime q ≥ 5 such that q ∤ Np and such that p ∤ t := q2 − 1,
and regard φ as a Katz modular form on Γ1(Nq). The above argument then shows
that under the assumption wp(Ep+1φ) < κ+p+1 we will have φ = Ep−1η for some
η ∈Mκ−(p−1)(Nq,Z/pZ).
Choose forms φ˜ ∈ Mκ(N,Zp) and η˜ ∈ Mκ−(p−1)(Nq,Zp) that reduce to φ and
η, respectively. Also, let ζ be a primitive Nq’th root of unity, and let O be the ring
of integers of Q(ζ) completed at a prime p above p.
Let γ1, . . . , γt be a set of right coset representatives for Γ1(Nq) in Γ1(N). We
then have the trace map
f 7→ tr f :=
t∑
i=1
f |k γi
as a linear map Mk(Nq,C) → Mk(N,C) for any k. However, tr as defined above
in fact also defines a linear map Mk(Nq,O)→Mk(N,O): This follows as we know
that if f ∈ Mk(Nq,O) is a form for which the q-expansion (at ∞) has coefficients
in O then the same is true for f |k γ for any γ ∈ SL2(Z). By our definition of
Mk(Nq,O), it suffices to know that if f ∈ Mk(Γ(Nq),C) has q-expansion with
coefficients in Z[1/n][ζ], then f |k γ also has the same property for any γ ∈ SL2(Z).
This latter fact is stated in [4, Chap. VII, §4.8] as a consequence of [4, Chap. VII,
Corollaire 3.13].
Taking the trace we find the congruence tφ˜ ≡ Ep−1(tr η˜) (mod p) as a congruence
between forms in Mκ(N,O) (we used that φ˜ and Ep−1 are on Γ1(N)). Since t =
[Γ1(N) : Γ1(Nq)] = q
2−1 is prime to p, the congruence shows that φ coincides with
an element in Mκ−(p−1)(N,O/p). However, because Mκ−(p−1)(N,Z/pZ) ⊗ O/p ∼=
Mκ−(p−1)(N,O/p) and φ ∈ Mκ−(p−1)(N,O/p) has q-expansion lying in Z/pZ[[q]]
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and O/p is free over Z/pZ, it follows that φ in fact lies in Mκ−(p−1)(N,Z/pZ). But
this contradicts wp(φ) = κ. 
Remark 2. We have used an ad hoc argument to deduce (K) for N ≤ 4 and
p ≥ 5 from a property of q-expansions of classical forms on the principal congruence
groups (i.e. [4, Chap. VII, §4.8]), which is in turn a consequence of the fact that
classical forms map to Katz forms in a way that is compatible with q-expansions and
actions by SL2(Z) and then noting the result for Katz forms. The ad hoc argument
we use is elementary and relies on an a priori weaker statement. It is possible to
give a more direct and conceptual argument, for instance by using the ingredients
in [13, Theorem 1.7.1] or [7, Lemma 1.9] with auxiliary full level n = 3 and taking
G = GL2(Z/3Z)-invariants (so #G is prime to p ≥ 5), but proving the exact form
of what we need in this fashion requires further elaboration.
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